LUYEN TAP SO PHUC
A. Ly thuyét
1. Mbi s6 phirc ¢6 dang x+Yi v6i X,y € R va i la don viao (i* =-1).
2.6 phitc z=x+yi(x,yeR)cO Z=x~Vi, |z]=yx* +y? =[z]|=V2.Z, diém biéu dién M (x, y).
3.Taco ,+2, =7,+7,; |2, =|2,|.|2,| va 3] -|2,] <]z, + 2,| <|2,] +|z,| véi moi 2,7, e C.
4. Néu A(z),B(z,) thi |mzl+n22|=‘mﬁ+ n(ﬁ‘, ddc biét AB =|z,-7,|.
B. Phwong phép giai
1. Phuong phap “sb thuc”.
2. Phuong phép “hinh hoc”.
3. Phuong phap “sé phirc”.
C. Luyén tap
Bai 1. (Cau 28, trang 83 Pé cwong LHP) Cho hai s6 phiic z,,z, thoa man cac diéu kién
|z|=|2,|=2 va |z,+2z,|=4. Gid tri cia |2z, - 7,| bing
A 8. B. 21/6. C. 6. D. 3/6.
Léi giai
Céch 1. Bat z, =X, + Y0, 2, =X, + ¥, (X, %, Y1, ¥, €R). Taco
|z|=|z,| =2 x> +y" =x"+y," =4
|zl+222|=4<:>(x1+2x2)2+(y1+2y2)2 =16
S X2+ Y +AX+4y,  +Ax X, +4y, Y, =16
S A4+44+4(x %, +Y,Y,)=16
< XX+ Yy, =-1
Suy ra
2 2 2
(|221_22|) =(2%=%,) +(2%,—Y,)
=A% —AXX, + X, + 4y —4Y,y, +Y;
=4(%" + Y, )40 + V1Y, )+ X + Y3
—44-4(-D)+4
=24,
Do viy |22, —z,|=21/6. Chon B.
Céach 2.1. Goi hai diém A va B lan lugt biéu dién 2 s6 phtic z,,7,.
Tac |z|=|z,|=2=OA=0B =2. Ta lai c6
|zl+222|=43‘ﬁ+2@‘=4
= OA® +40A0B + 40B* =16
= 40AOB =4
Suy ra
22, ~2,|' =|20A~OB|| = 40A* - 40A0B + 0B? = 24 = |22, - 7,| = /24 = 2./6.



Céach 2.2. Goi M, N 1a diém biéu dién z,,z, trén
mat phang phtic.
Vi |z,|=|z,|=2 nén M, N thudc duong tron tam O

c6 ban kinh k?ﬁng 2. 7 ’

Goi P,Q,Rlan lugt biéu dién cac so phiic
22,,—-1,,21,.

Duyng hinh binh hanh OMGP thi OG =|z, +2z,| = 4.
Dung hinh binh hanh OQHR thi OH =|2z, - z,|.

. [ROQ+HRO=180° —
Tathi — HRO = MOP.

ROQ + MOP =180°

Ma: MOP + OMG =180° = HRO + OMG =180".
Xét tam gidc MOG c6 OM =2,0G =4,MG =0P =4,

2 2 Q2 2,92 g2
Dod()COSOMGzMG +OM"-0G" _4°+2°-4 :ll
2.MG.OM 2.4.2 4

Suy ra cos HRO = —cosOMG =—%.

Do vay OH? = RH? + RO? —2.RH.RO.cos HRO = 2% + 42 —2.2.4.[%) =24,

Céch3.Taco 2,7, = 2,7, =4 va 16 = (2, + 22, )(Z, + 27,) = 2,7, + 42,7, + 2(2,Z, + 2,7,).
Suyra 2,7, +12,Z, =-2.

Do vy |2z, - z,| = \/(221 -7,)(27,-7,) =\/42171 +2,7,-2(2,7, +2,7,) =/24.

Chuy 1. Cong thuc tinh nhanh

Néu |z|=a,|z,|=b,|mz, +nz,|=c thi |pzl+qzz|=\/p2a2+q2b2 +%(cz—m2a2—n2b2).

Ap dung cong thuc trén véi a=b=2,c=4,m=1n=2,p=2,q=-1 ta duoc két qua J24.

1
Chay 2. Chon 2. =2, it 2, =x+yi (y<R) thi )X 7Y =4 2
.Chon z,=2. Pat z, =x+ Y€ o

o P =TT A+x)?+y* =4 V15
y=+32
2
Chon z, =%+—“;5i ta c6 [22, - 2,| = 2.2+%——“;‘L3i - %——“15i _24-26.

Bai luyén tap 1. (Cau VDC Sé phire trong PMH 2021) Cho hai s6 phuc z,,z, théa man cac

diéu kién |z,|=1; |z,|=2 va |z, -z,| =3 Tim gid trj 16n nhat cua |3z, +z, - 5i.



Bai 2. Cho sb phtic z thoa mén

¢6 phan thyc bang 2. Gia tri cia |z| bang

2|2
A. 2. B. l C. 4. D. E
2 4
) 5 ) ) X2 +y? =X
Cach 1. bat z=x+yi(x,yeR) taco 5 =2. Suyra
(«/x2+y2 —x) +y?
, VX2 +y% =X 1 2 1
(cach 1.1) =28 ————=2 X +Yy ==,
2(x2+y2—xm) 2X*+y° 4
(c&ch 1.2)
A4(X* +y?) — (4X+1){ x> +y? +x=0<:>(4\/x2 +y? —1)(\/x2 +y? —x)=0c>4w/x2+y2 =1.
. .1 1 1 1 |z| -2 1
Cach2. Tacd ——+| —— |=4. Suyra + e —do]==.
7|2 [IZI—ZJ -2 | 12l(|2]-2) 4
-7
Céch 3. Do tap hop céc diém biéu dién cua sé phirc ﬁ la duong thiang x = —2 nén tap hop
72—z

céc diém biéu dién s6 phirc z—|z| 1a dudng tron (I ;ﬂ Vi | (_71; oj. Do vay tap hop céc diém
= R « X A ’ \ ~ by 1 A 1
biéu dién s6 phirc z 1a dudng tron O;Z . Viy |7 = 7

Chuay. Chon z=x+0i (xeR) tacd 2=L<:> x:_l_ Khi dé |z|=|x|=£.
X - 4 4
Bai luyén tap 2. C6 bao nhiéu s nguyén duwong m dé c6 dung 4 sé phuacz thoa man dong thoi
16
7+—
z

céc dieu kién =8 va|z-3=m?

A 11 B. 10. C. 9. D. 8.



D. Bai tap vé nha
(GIAI CAC BAI TAP SAU TRONG PE CUONG 12 LHP)
Cau 30. Trong mit phang toa do Oxy, biét tap hop cac diém biéu dién sé phac z thoa man

-2
|z+2i|2+2‘1—z‘ +3|z—2+i|2 =2018 la mot dudng tron. Tim tdm | caa dudng tron dé.

A. (%%} B. (%gj C. (31). D. (g—gj

Loi gidi
Céach 1.
Goi M (x;y) biéu dién sb phuc z. Khi do
) -2 .2
|z +2if +2}1-7[ +3Jz-2+if =2018
& |x+(y+2)if +2)(1-x)+ i +3|(x—-2)+(y+1)i| =2018
& X2+ (y+2)" +2(x-1) +2y* +3(x-2)" +3(y+1)" =2018
& 6X*+6y° —16x+10y 1997 =0
8 5 1997

SX+y ——x+-y-——=0.
y 3 3y 6

Vay tam cua duong tron biéu dién sé phuc z 1a (g—gj Chon D
Céch 2.
Goi A(x;y), B(0;-2);C(L0); D(2;-1) lan luot biéu dién s6 phic z,-2i,1, 2-i.

. s .2 I -2 2 2 2
Khi 46 [z +2i[ +2[1-2| +3[z—2+i[ =2018 <> AB + 2AC? +3AD’ = 2018,

Goi | la diém thoa méan: 1B +21C +3ID = 0. Suy ra: toa do |(%;%5j.

ABZ? +2AC? +3AD? = 2018
RN —\2 N —\2 R —\2
<:>(AI+IB) +2.(A|+|c) +3.(A|+|D) —2018
< 6A12 +1B2+2IC2+3.1D% + 2.Al.IB+4.Al.IC + 6.A.1D = 2018

< BAI? +£3+2.§+3.E =2018
36 36 36

o Al = /12071.
36
12071

Vap hop cac diém A thoa man yéu cau bai toan céch | mot doan 1a: R =, [=——

36
Vay tam cua duong tron biéu dién sé phuc z 1a (g—gj R= /123;.671



Céch 3. Taco
jz+2if +2[1-2] +3jz-2+if* = 2018
o (2+20)(7-2)+2(1-T)(1-2)+3(z-2+i)(7-2-i) = 2018
627 +12(-2i-2-6-3i)+7(2i-2-6+3i)+21=2018
& 3677 +62(-8-5i)+ 67 (~8+5i)=11982
<> 62(6Z7 —8-5i)+(—8+5i)(6Z —8—5i)—(—-8—5i)(-8+5i)=11982
& (62-8+5i)(6Z ~8-5i)=12071
& |62 -8+5i| =12071

4 5. 12071
Slz——+=i|=
3 6

6

Vay tam | dai dién cho s phirc ﬂ—Ei ,suyra | ﬂ,—é .
3 6 3 6

Céch tric nghiém.

Cho z la sé thue.

jz+2if +2f1-7 +3Jz-2+if = 2018

= 2% +4+2(1-2) +3[ (2-2)" +1]= 2018

= 62 -162-1997 = 0.

Phuong trinh trén c6 hai nghiém z,,z,.

Cho z 13 56 thuén 40. Pat z=xi xeR

jz+2if +2f1-7 +3Jz-2+if = 2018

= (2+x) +2(1+) +3[ (-2)"+ (x+1)’ | = 2018

= 6x° +10x —1997 =0.

Chon mét nghi¢ém X, cua phuong trinh trén.

Véy tam cua duong tron 1a tim ngoai tiép tam gidc ABC véi A(x,,0),B(x,,0),C(0,%,). Thay

toa 3 diém trén vao phuong trinh 2ax+ 2by —c = x* + y?, ta dugc hé 3 phuong trinh 3 an, gii ra

6
Cau 31. Cho sé phuc z théa man |z—1=5. Biét tap hop cac diém biéu dién s6 phic w xac

-1997
CcC=

dinh bsi w=(2+3i)z+3+4i lamot duong tron ban kinh R. Tinh R.
A. R=510. B. R=5/5. C. R=5413. D.R =517.
Loi giai
Chon C



Céch 1. Tap hop diém bicu dién s6 phirc z thoa man |z—1|=5 la duong tron (C) tam 1(10)
va ban kinh R=5. Ta c6 (C) nhan tryc hoanh la tryc ddi xtrng nén toa do diém biéu dién z
cling nam trén dudng tron nay hay ‘z —1‘ =5
Taco w=(2+3i)z+3+4i
=(2+3i)(§—1)+(2+3i)+3+4i

w—(5+7i)=(2+3i)(z-1)
=|w-(5+7i) =|(2+3i)| [z-1] = 5+13.
Suy ra tap hop céc diém biéu dién w 1a duong tron tam 1(5;7) ban kinh R =513

Céch 2. bat w=x+Yi(x,y e R).

- - -3-4i i-3—4i (X+yi—-3-4i)(2-3i - -
:(2+3i)z+3+4i<:>z:w 3-4i _x+yi-3 4i _(x+y )(2-3i) _2x+3y 18 (-3x+2y+1).
2+3i 2+3i 13 13 13

B 2x+3y—18+(—3x+2y+1ji
13 13 '

|z-1=5

2 2
o 2x+3y—18_1 N -3x+2y+1 _ o5
13 13

2 2
<:>(2x+3y—3lj +(—3x;§y+lj _ 5

13
& 4X2 +9y° +31° +12xy — 124X 186y +9x° +4y* +1-12xy —6X + 4y = 25,13
& 13(x* +y*)-130x-182y —3263=0
& X2 +y? —10x-14y —251=0.
Suy ra tip hop cac diém biéu dién w la duong wOn tdm 1(57) ban kinh

52 4+72+251 =
Céch 3.
Ta co: |z—1|=5:‘z_—1‘=5:>|7—1|=
W=(2+3i)7+3+4i:>7—u3|4| Thay vao |7-1|=5, tacé:
J’_

‘ng;fi _1‘25:>|W—3—4i —2-3i[=5[2+3i| =513 = |w-5-7i| = 5J13.

Vay R=5113.

Céch tric nghiém:
Dé xdy dung duong tron ta can 3 diém biéu dién ciia w, vi z & sinh ra wnén dau tién ta s& chon

3 gia tri dai dién ctua z thoa |Z—1| =

Chon z=6+0i. Khi d6: w=(2+3i).6+3+4i =15+ 22i. c6 diém biéu dién 1a A(15;22).

Chon z =1+5i. Khi d6: w=(2+3i).(1+5i)+3+4i =-10+17i c6 diém biéu dién 1a B(-10;17).
Chon z =1-5i. Khi d6: w=(2+3i).(1-5i) +3+4i =20-3i ¢6 diém bicu dién 1a C(20;-3).



Vay 3 diém M,N,P thugc duong tron biéu dién tap hop cac sé phirc wcod dang tong quat
X’ +y’ +ax+by+c=0.
Pé tim dugc cac s6 a,b,c thi ding méy tinh CASIO giai hé phuong trinh thu dugc két qua sau:
a=-10, b=-14, c=-251.
Vay phuong trinh duong tron ¢d dang: x* + y* —10x—14y —251=0.
Suy ra tip hop cac diém biéu difn w la duong tron tdm 1(57) ban kinh
52 +7°+251=
Cau 33. Cho M la tap hop cac s6 phirc z théa man |2z —i|=[2+iz|. Goi z,,2, 12 hai s6 phirc
thudc tap hop M sao cho |z, —z,| =1. Tinh gid tri cta biéu thic P =|z, +z,|.
A.P:%. B. P=13. C.P=2. D. P=+2.
Loi giai
Chon B
Céch 1. Goi z=x+Yi(x;yeR).

Taco: |22—i|=|2+iz|<:>\/4x2 +(2y—1)2 =\/(2—y)2+x2 =x2+y?=1

Ay

Goi A, A, la diém biéu dién tuong tmg cua z,,z, = A; A, thudc dudng tron (C) c6 tam
0(0;0), ban kinh bang 1.
z,-7,|=1 = AA, =1.Suyra, AOAA, déu canh bang 1.

YE

Khi do, P=|zl+zz|=20K=2.7=\/§(Vc’yi K 1a trung diém A A, ).

Theo gia thiét

Céch 2. Goi z=x+Yi(x;yeR).

Taco: |22—i|=|2+iz|<:>\/4x2+(2y—1)2 =\/(2—y)2+x2 =x+y*=1

Tur do, goi 7, =X+ Yii, Z, =X, + Y,i (X, V1. %, Y, € R) thoa x”+y,* =%, +y,” =1.
|z,-7,|=1

cé: <:>(x1—x2)2+(y1—y2)2 =1
< 1-2x%,-2y,y, =1
< XX +Y,Y, =0.

p? =(|zl+22|)2 =(x1+x2)2 +(y1+y2)2



Cach 3. Goi z=x+Yyi(xyeR).

Taco: |22—i|=|2+iz|<:>\/4x2 +(2y—1)2 =\/(2—y)2+x2 =x+y*=1

Suy ra tap hop cac s6 phirc thoa méan 1a duong tron tam O(0;0), R=1=|z|=|z,|=1.
(Jz,+ 22|)2 +(z, —22|)2 =222+22,°=4

o P2il=4

= P =+3(|z,+2,|>0).

Céch tric nghiém:
Goi z=x+Yi(X;yeR).

Tach: |22—i|=|2+iz|c>\/4x2+(2y—1)2 =\/(2—y)2 +x° = x*+y? =1(1).
Chon 7, =1=[1-z,|=1. Tirday ta co: [1-x-yi|=1< (x-1)%+y* =1(2).
3

Vi z, thoa man |2z —i|=|2+iz| va |z, —z,|=1nén tir (1)va (2)ta co dugc: x—% y== Su
ra: 22=l+£i.

2 2
Vay: P=|zl+22|—1+2+£| =4/3.

Cau 37. Cho sb phirc z théa man

A 35, g 45 c. 35, p. 145,
10 5 5 10

Loi gidis

—i| =|z-3i|. Tinh m6dun nho nhat cua z —i.

Chon A.
Céch 1. Goi z=x+Yyi (x,yeR).

Taco [z+1-i|=|z-3il
& |(x+1)+(y-1)i|=|x+(y-3)il

<:>\/(x+1)2+(y—1)2 =\/x2+

& 2Xx+4y-7=0.

Goi diém M biéu dién z va diém A(0;1) biéu dién i. Khi d6 M nidm trén dudng thing
d:2x+4y—-7=0va|z-i|=MA

|z—i| nho nhit < MA ngén nhit < MA L d.

[20+41-7] 35

V22 + 42 10

Ding thirc xay ra khi M 1a hinh chiéu cia Alén duong thing d. Khi d6 toa do cia M la:

M(iﬁj
10 5

Viy: MA=d (A d)=



Céch 2. Goi z=x+Yi (x,yeR).
Taco [z+1-i|=|z-3il

& |(x+1)+(y-1)i|=|x+(y-3)il

o J(x+1) +(y-1)" =X +(y-3)
& 2X+4y-7=0

7-4y
—

= X=

Taco z—i=x+y.i_i=X+(y_1).i=7_24y

+(y-1)..
Médun nhé nhét cta
|z <:>|z—i|2

min

2
_ (7—_243’) +(y—1)} =5y* 16y +13.25= f(y).

min

f'(y)=10y-16=0< yzg.

Vay min f(y) = f (§j=0.453|z—i|mm =\/o.7=%.
Cach3.batt=z-i=a+bi (a,beR)
|z+1-i|=|z-3i|
elt+1° =[t-2i
< (t+1)(T+1)=(t-2i)(T +2i)
S +(t+T)+1=[t] +2i(t-T)+4
<:>2a+4b=3§\/(a2+b2)(22+42)

|2

:aerbzzi
20

3|t|>i:ﬂ
“J20 10
Dau bang xay ra khi %:%. Thay z=a+(2a+1)i vao bicu thuc |z+1-i|=|z-3i, ta dugc

3 . 3 8.
a=—.Viy z=—+—1.
10 10 5

Céch tric nghiém:
Trong cac mo-dun cta sb phirc & dap 4n, ta tién hanh sip xép cac s phic theo thir tu ting dan
.. 35 35 76 45

"0 < < < :

mo-dun
5 10 5

Goi z=x+Yi (x,yeR).

Taco [z+1-i|=|z-3il
& |(x+1)+(y-1)i|=|x+(y-3)ij|
o J(x+1) +(y-1)" =X +(y-3)’

<:>2x+4y—7=0<:>x=7_24y.




Xét dap an A.
7-4yY
iI” =0.45 < (Tyj +(y-1?=0.45<5y°-16y+12,8=0< y=16.

Suy ra, c6 mét sb phirc z = %-‘r%i thoa mén hé thic.

Chon A.
Cau 39. Cho s6 phtic z thoa mén 7-3=2|z| va max|z—1+2i|=a+bx/§ voi a,beQ. Tinh
a+b
A 4. B. 3. C. g. D. 442.
Loi giai
Chon A

Céch 1. Goi z=x+Yi (X,yeR).

Ta co |23 =2|z| < |(x—=3)+ yi| = 2|x+yi|

<X +y?+2x-3=0.

Suy ra tap hop cac diém M biéu dién z 1a duong tron tam 1(~10),R=2.
Taco |z-1+2i|=|z—(1-2i)|=MN véi N (L-2)

AY

€%

1
]

o

Do MN <MI +IN =R+IN=2+2\/§:>a=2, b=2.
Do db a+b=2+2=4.
Céch 2. Goi z=x+Yi (X,yeR).

Taco |z2-3=2[z|< |(x—3)+yi| = 2|x +yil

<:>J(x—3)2 +y? =2{x*+y?
y=+-Xx>—2x+3

S X +y +2x-3=0<

yz—\/—x2—2x+3.
lz-1+2i] o (|z-1+ 2i|)2max. Tatinh gi trj I6n nhét cua (jz-1+ 2i|)2.

(jz-1+2i)) = (x-1) +(y+2)" =X’ —2x+1+y* + 4y +4
=X*+2x—3+y? —4x+4y+8=—4x+4y+8.



Truong hop 1: y =\/m

Suy ra: —4x+4y+8=—4x+4\/—x2—72x+3+8= f(x).

Khao sit ham f (x)véi x [-3;1]. Ta thiy max f (x) =12+8+/2 (~ 23.31).
Truong hop 2: y = —\/m

Suy ra: —4x+4y+8=—4x—4\/—x2—72x+3+8= f(x).

Khao sat ham f (x) véi x e [-3;1]. Ta thdy max f (x) = 20.

Két hop 2 trueong hop ta co:

=2
=a+b=4.

max f(x)=12+8\/§3|z—1+2i|max =2+2\/§=a+b\/§:>{z_2

Cach 3:
Goi z=x+Yi (x,yeR).
Taco |23 =2|z| < |(x—=3)+ yi| = 2|x+yi|

<:>J(x—3)2 +y? =2x*+y?

SX+Y +2x-3=0 x> +2x+1+y? =4<:>(x+1)2+y2 =4,
Vay tap hop sé phic z thoéa méan la duong tron tam 1(=1;0); R = 2.
Vivay: |z+1]=2.

Do d6:|z —1+2i| =|z +1-2+2i| < |z +1|+]-2+ 2i| = 2+ 2V/2.

Ding thic xay ra khi:
Z+1=k(-2+2i 2 =k|.24/2 .
( )<:> | | f®k=i<:>2=(—l—\/§)+|.\/§.
k>0 k>0 V2
Cau 40. Cho s phirc 2 théa man [z —2-3i[=1. Gid tri 16n nhit cta |z+1+i| 12
A. 6. B. 4. C. V13 +1. D. V13+2.
Loi giai

Céch 1. Goi diém M (x;y) biéu dién sb phic z thi tp hop cdc diém M 1a duong tron (C)
tam 1(2;3) ban kinh R=1.
|2 +1+i[=[z+1-i| =z = (-1+1)| = MA véi A(-1;2).
Taco MASMI +IA=R+IA=1+13 =|z+1+i|<1+13
Déu “=" xay ra khi M, 1, A thiang hang theo thir tw d6 M 14 giao diém cua duong thang IA va
dudng tron (C) sao cho | ndm gitta A va M.
Céch 2. Tacd [z+1+i|=[z+1-i| =|(z~2-38i) +(3+2i)| <[z - 2-3i] +[3+ 2i| =1+ V13,
Céch 3. Goi z=x+Yi (x,y eR).
Co: |z-2-3i|=1¢ (x-2)" +(y-3)" =1 x> —4x+y* -6y +12=0.

x—2=1-(y-3)’ X =+/—y>+6y—8+2

Suy ra: SN (2<y<4).

x—2=—1-(y—=3)" [ X=-y-y’ +6y-8+2



(Do ‘E+l+i >0). Tatinh: ‘E+1+i2

— _2
<:>‘z+1+|

max max

‘E+l+i‘2 = (X+1)2+ (~y+1)2 =x2+2x+1+ y? -2y +1
=X+ Yy +2X-2y+2

=x*+y° —4x-6y+12+6x+4y-10

=6x+4y-10.

Truong hop 1: x = —\/er 2

Khi d6: [2+1+i[ =6(~y~y? + 6y -8+2)+ 4y -10= F(y).

Khao sat ham f (y) trén [2;4] ta thay max f (y) =18.

Truong hop 2: x:\/erZ

Khi d6: [z +1+i[ =6(~y> +6y—8+2)+4y-10= (y).

Khao sat ham f (y) trén [2;4] ta thdy max f (y) =14+ 2413(= 21.21).

K&t hop 2 truong hop, ta co: max f (y) =14+ 2+/13. Suy ra: \E+1+ i\m =1+13.

Céch tric nghiém:
Goi z=x+Yi (x,yeR).

Co: |z-2-3i|=1¢ (x-2) +(y-3)" =1 X —4x+y? -6y +12=0(*).

Ta sép xép cac gid tri ciia mo-dun theo th ty giam dan: 6> 2++13 >1++/13 > 4.
Xét dap an A.

‘E+1+i‘=6<:> (X+1)? +(1-y)* =36 = X* +2x+1+y* -2y +1=36

S X —4x+ Yy —6y+12+6x+4y—-46=0

& 6X+4y—-46=0

_23-2y
—3
Thay X=Mvao (*)ta duoc: —y —%y 321_0 Giai phuong trinh ndy ta thiy vo
nghiém, vay loai dap an A.
Xét dép an D.
‘E+1+i‘ =2+413

o X2 +2x+1+y -2y +1=14+2\13
S XE—AX+Yy2 -6y +12+6X+4y—24—2/13=0
< B6X+4y—24-213=0

_12+\/1_3—2y

Thay x 12+\/_ 124V13-2y o (*) ta duge: — 13 y? (154—4\/_J L1 +44/13 = 0. Giai phuong

trinh nay ta thay c6 nghiém, vay nhan dép an D.



Cau 41. Goi S la tap hop tat ca céc gia tri thyc cua tham s m dé ton tai duy nhat sé phic z
théa man zz=1va ‘z ~J3+ i‘ =m. Tim sb phan ti cia S.
A. 2. B. 4. C. L D. 3.
Loi gidi
Chon A.
Céach 1.

Goi diém M (x;y) biéu dién sé phuc z.
Do zz=1¢|7 =1¢|z|=1 nén M thudc dudng trdn (C,) thm O(0;0) ban kinh R, =1.
Do ‘z—(\@—i)‘z m nén M thudc duong tron (C,) tam I(\/§; —1) ban kinh R, =m > 0.
C,).
1)

va (C,) tiép xtc véi nhau

Véy M la diém chung cta hai dudng tron (C,) va

Dé ton tai duy nhat s phuc z thi hai duong tron (C

{OI =R +R, {2:1+m m =1 {mzl
= = < |m=3(n) < .
Ol =|R =R,| ~|2=[1-m| m=—10) m=3

Céch 2.
Goi s6 phic z=x+V.i(x,y € R).

Do z.E=1<:>|z|2 =1l zj=1nén xX* +y* =1.

‘z—\/§+i‘= m <:>(x—\/§)2 +(y+1)2 =m?*, m>0.

Dé t6n tai duy nhat s6 phirc z thi hé phuong trinh
x> +y?=1 x> =1-y°
() wty oy =mt [ (xB) v+ = ()

(*) = X2+ y? - 2x4/3+3+ 2y +1=m?

& 1-2x/3+3+ 2y +1=m?

& 5-2x/3+2y=m’

< 2xJ3=5+2y-m>.

Suy ra: 12(1-y*) = 25+4y” +m* + 20y ~10m* — 4m’y

¢6 nghiém duy nhat.

& —16Yy° +(4m? - 20)y + (-m* +10m* —13) = 0(**).
Diéu kién can hé phwong trinh trén c6 mot nghiém duy nhét 12 (**) c6 mot nghiém kép. Vi vy,
A'=(2m* -10)* +16(-m* +10m* -13) = 0 < —12m* +120m* -108 = 0
m=+1 N
= { . Két hop véi diéu kién ta c6: m=1, m=3.
m==3

Ther lai va giai hé phuong trinh ban dau déu c6 mot nghiém duy nhat. Vi vay, ta nhan
m=1 m=3.



Céch 3.bjt z=a+bi. Tacd 2z7=1=|z/=1=a’+b* =1.
Ta co:
‘z—\/§+i‘=m
<:>(z—\/§+i)(7—\/§—i)=m2
<:>z.7—\/§(z+7)—i(z—7)+4=0
o1-2J3a+2b+4=m’
o -243a+2b=m?>-5
Goi M (a,b) 1a diém biéu dién s phic z. Tacd OM =1 va M (d): -2+/3x+2y =m? -5,
M xac dinh duy nhét khi va chi khi

m>=9 [m=1
=1<:>‘m2—5‘=4<:> =N (do m=>0).
m? =1 m=3
Cau 43. Cho hai s8 phirc z,, z, théa mn |z, =|z,| =1. Tim gi tri I6n nhat cta biéu thirc
P=lz,+2,]+2|z,-1,|.

A. 242, B. 2./5. C.

Loi giai

D. /5.

o|%

Chon B
Céach 1.

bat z, =a+bi, z, =c+di (a,b,c,d eR).
a’+b* =1
c2+d?=1
Ap dung BPT Bu-nhi-a-cop-xKi ta co:
P =(j+ 2|+ 2lz - 2) <(¥*+2°) (o + zf +[z. - 2. ) =5.2(|[ +[z,[ ) = 20

Do |zl|=|22|=1:{

= P <25.
Ding thirc xay ra
|21+22|:|21_22| |Zl+22|=&
= 1 2 = >
|2, +2,|+ 2|z, - 2,| =245 |zl—zz|=§

(a+c)2+(b+d)2=ﬂ 3
= 56<:>ac+bd=——
(a=c) +(b-0)' = °

Tir d6 c6 thé chon z, =1 va z, = —g+%i dé dau "=" xay ra.



Cach 2.
bat z, =a+bi, z, =c+di (a,b,c,d eR).
a’+b’=1
Do |z|=|z,|=1= o’ ot

p? =(|z1 +2,|+2Jz, —22|)2

(Ve +(b+d) +2(a-c) +(o-a) )
<@ +29)[(a+c) +(b+d) +(a=c) +(b-d) |
=5.2.(@®>+b*+c*+d?)=5.22=20

Suyra: P = V20 = 245.

Ding thirc xay ra khi

J(a+c) +(b+d)’ =‘/(a_c) ;(b_d) M

a’+b*=c’+d*=1
(1)<:>4(a+c)2+4(b+d)2 =(a—c)2+(b—d)2
< 3(@® +b*+c*+d*)+10ac+10bd =0

< 6+10ac+10bd =0
< 3+5ac+5bd =0.

2

Tir d6 ta chon a=0, b=1=3+5d 0> d = —.
5
4 2 2
Suy ra, chon duoc C=E(Do ¢’ +d*=1).

Nghia 1a 2 s6 phic z, =i, z, :%—gi thoa man yéu cau bai toan.

Cach 3.

Goi A, B biéu dién hai s6 phuc z,, z, théa man |z,|=|z,|=1.

Suy ra: qui tich hai diém A, B1a dwong tron tam O(0;0), ban kinh R =1.
V& hinh binh hanh OACB. Suy ra: C la diém biéu dién
s6 phuc z, +2,.

Vivay: |z, +2,|=0C. Ma |z, — z,|= AB:

Do d6: P =|z,+2,|+2|z,— z,|=OC + 2.AB.

Ta tim gié tri 16n nhat cua gz OE + AB véi E la giao

diém cta 2 duong chéo hinh binh hanh OACB.
Nhan xét: OACB la hinh thoi do OA = OB.
Xét tam gidc AOE vuong tai E.

2
OA”> = AE* +OE* =0OE* + AE =1.

Ap dung BDT Bu-nhi-a-cop-xKi ta co:



2 2
(oaﬁ.zj 3(12+22) oe2+ 2B | 5.
2 4

= OE + AB < /5.
Suy ra gia tri Ion nhit caa P 1a: 24/5. Dang thtc xay ra khi: AB = 4.0E.
Céch tric nghiém:
Chon gia tri dac biét x=1,y =i, tathdy P=3y2, loai A,C,D. Chon B.
Cau 46. Cho hai sb phic z, w théa man |z+2w|=3,[2z+3w|=6 va|z+4w|=7. Tinh gia tri
cua biéu thic P = zw+ z.w.
A. P=-14i. B. P =-28i. C. P=-14. D. P=-28.
Loi gidi
Chon D
Cach 1.
Goi hai diém A(x;Y;),B(X,;Y,) lan lugt biéu dién 2 s6 phuc z,w.

|z+2w|=3 ‘ﬁ+2@‘:3 (EAJFZ@)Z =9
[22+3w| =6 = | |20A+ 30B| = 6 < | (20A+30B ) =36
|2+ 4w|=7 ‘ﬁ+4@‘=7 (ﬁ+4@)2 — 49

OA? + 40A0B +40B? =9 OA? =33
— {40A? +120A.0B +90B? =36 <> { OAOB = -14
OA? +80AOB +160B? = 49 OB?=8
P=ZW+ZW=ZW+ZW=2 Re(z.v_v) =2Re[ (%, + ;i) (%, — Vi) ]
=2(XX, +Y;Y, ) = 20A.0B = -28.
Céach 2.
lz+2w|=3 & |z+ 2w =9 (z+2wW)(z +2w) =9 & (2 +2w)(z +2w) =9
& 7.2+2.2W+2WZ+4ww=9
= |z|2 +4|W|2 +2P =9(1).
|22+ 30 = 6 <[22 + 30" =36 < (22 +3w)(22 + 3w) = 36 < (22 +3w)(22 +3w) = 36
< 42.2+6.2W+6WzZ +9.w.w =36
< 4lz]" +9|w|" +6P =36(2).
|2+4W|=7 & |2+ 40 =49 & (2+4W)(Z +4W) = 49 & (2+4w)(z +4w) = 49
& 2.2+ 4.2W+4WZ +16.Ww = 49
&7 +16|w|" +4P =49(3).
2| + 4w +2P =9 |7 =33
Tir (1), (2), (3)ta c6 hé phuong trinh: 14|z" +9|w|" +6P =36 < [w[ =8 .
|2 +16w| +4P=49 |P=-28



Céch 3.
bat z=a-+bi va w=c+di (a,b,c,d eR). Taco:

z+2w[=3  [la+2c+(b+2d)i[=3 (a+2c) +(b+2d) =9

[22+3w| =6 < {[2a+3c+(2b+3d)i| =6 < { (2a+3c)” +(2b+3d )" =36

z+4w|=7  |Ja+4c+(b+4d)i|=7 (a+4c) +(b+4d) =49
(a®+b*)+4(c* +d*)+4(ac+bd)=9 a2 +b’ =33

& 14(a’+b?)+9(c? +d*)+12(ac+bd ) =36 < {c* +d* =8

(a®+b*)+16(c’ +d*)+8(ac+bd) =49 ac+bd =-14
Suy ra: P =zW+wZ =(a+bi)(c—di)+(c+di)(a—bi)=2ac+2bd =-28.
Cau 47. Cho s phuc z thoa mén déng thoi hai didu kien |z—-3-4i|=+/5 va biéu thuc
M =|z+2|2 —|z—i|2 dat gia tri I6n nhat. Médun cua s6 phic z—2—i bang
A. 5. B. 9. C. 25. D. 5.

Loi giai

Chon A
Céach 1.

bat z=x+yi,(Vx,y eR).
|2-3-4i|=5 < (x-3)" +(y-4)" =5 (1).
Ta co:
M =|z+2[ ~|z-i[’
=|(x+2)+yi|2—|x+(y—1)i|2
= 4x+2y+3=4(x-3)+2(y-4)+23
Ap dung BDT Bu-nhi-a-cop-xKki ta co:
[4(x=3)+2(y-4)] <(# +2).[ (x-3)"+(y-4)" | -205=100
= 4(x-3)+2(y-4)<10
=4(x-3)+2(y-4)+23 =M <33.
, X—_?’=ﬂ x=5
Dau "=" xayra <{y-4 2 @{ = 2=5+5i =|z-2-i|=5
ax+2y+3=33 7



Cach 2.

Goi diém M (x;y) biéu dién sé phuc z.

Ta c6 |z—3-4i|=+/5suy ra qui tich diém M la dudng tron
tam 1(3;4), R=A/5.

Goi diém biéu dién (-2;0), (0;1) lan luot 12 A, B.

Suy ra: M =|z +2|2 -|z- i|2 = MA? — MB?

MAZ ~MB? = (MT + 1A) —(MT + 1B’

=MI%+2.MILIA+ 1A2—=MI2 - 2.MI 1B - IB?

= IA*~ 1B” + 2.MI (1A~ IB)

=41-18+2.MI.BA

=23+ 2.MI.BA.

C6: MI.BA = cos(MI, BA).MI.AB < MI.AB =5,

Ding thirc xay ra khi: cos(MI, BA) =1lhay MI, BA cing huéng.
Ma MI = AB =+/5 = MI = BA. C6: BA=(-2;-1) nén M (5;5).
|2-2-i|=MC =/(5-2)? + (5-1)% =5vdi C(2;1).

Céach 3.
biatt=z-2-i,taco:

|2-3-4i|=5= |t-1-3i|=v5 = (t-1-3i)(T -1+3i) =5
:tt_+t(—1+3i)+t_(—1—3i)+10=5
3tt_=—5+t(l—3i)+t_(1+3i).

M =|z+2|2 —|z—i|2 =|t+4+i|2 —|t+2|2 =(t+4+i)(T+4-1)-(t+2)(T+2)
t(2-i)+t(2+i)+13

t(2—i)+T(2+i)+13+5+t(1-3i)+ T (1+3i) -t
3(t+1T)—4i(t—T)-tf +8

< \/(32 +42){(t+t_)2 +[i (t—t_)]z} —|t|2 +8

=10[t/-t|" +18

=—(jt|-5)" +33<33.
Déu bang xdy ra khi t =3+4i,|t|=5. Vay

z-2-i|=5.



